ON HOMOGENEOUS PINNING MODELS AND PENALIZATIONS 



MIHAI GRADINARU AND SAMY TINDEL 

Abstract. In this note, we show how the penalization method, introduced in order to 
describe some non-trivial changes of the Wiener measure, can be applied to the study of 
some simple polymer models such as the pinning model. The bulk of the analysis is then 
focused on the study of a martingale which has to be computed as a Markovian limit. 



I. Introduction 

Our motivation for writing the current note is the following: on the one hand, in the 
last past years, some interesting advances have seen the light concerning various kind of 
polymer models, having either an interaction with a random environment or a kind of 
intrinsic self-interaction. Among this wide class of models, we will be interested here in 
some polymers interacting with a given interface, as developed for instance in P,[7j. For 
this kind of polymers, the introduction of some generalized renewal tools has yield some 
very substantial progresses in the analysis of the model, and a quite complete picture of 
their asymptotic behaviour in terms of localization near the interface is now available e.g. 
in [5l [6] and in the monograph [lj . 

On the other hand, and a priori in a different context, the series of papers starting by 
[H] and ending with the recent monograph [9] presents a rather simple method in order to 
quantify the penalization of a Brownian (or Bessel) path by a functional of its trajectory 
(such as the one-sided supremum or the number of excursions). This method can then 
be applied in a wide number of natural situations, getting a very complete description 
of some Gibbs type measures based on the original Brownian motion. More specifically, 
when translated in a random walk context, the penalization method can be read as fol- 
lows: let {b n ; n > 0} be a symmetric random walk on Z, defined on a stochastic basis 
(Q, J 7 , (J^ n ) n >i, (P^) z ez)- F° r n > 0, let also e Hn be a bounded positive measurable func- 
tional of the path (bo, . . . ,b n ). Then, for (3 £ R, n > p > 0, we are concerned with a 
generic Gibbs type measure p n on T v defined, for T p £ T v , by 

E [l r eP Hn ) 

(1.1) Pn (T p ) = ^^ i, where Z n = E [eP H »] . 

In its general formulation, the penalization principle, which allows an asymptotic study of 
p n , can be stated as follows: 
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Proposition 1.1. Suppose that the process (b n ,H n ) is a Z x H + -valued Markov process, 
and let A n be its semi-group. Assume that, for any p > 0, the function M p defined by 

(1.2) M p (w, z) : = lim where f(w, z) = e "* 

exists, for any (w, z) £ Z x R + , and that 

[ \ Pf f}(0) ^ ~ C ^ W > Z) > Where E o[C(p,b p J p )} < oo. 

T/ien: 

(1) the process M p := M p (b p ,£ p ) is a non-negative P '^-martingale; 

(2) /or any p > 0, when n — > oo ; t/je measure p n defined by ( GUP converges weakly on 
T p to a measure p, where p is defined by 

p(T p ) = E [lr p Mj , /or T p e 

This last proposition can be seen then as an invitation to organize the asymptotic study 
of the measure p n in the following way: first compute explicitly the limit of the ratio 
[A p _ n /](w, z)/[A p /](0) when p —> oo, which should define also an asymptotic measure p in 
the infinite volume regime. Then try to read the basic properties of p by taking advantage 
of some simple relations on the martingale M p . 

It is easily seen that some links exists between the polymer measure theory as mentioned 
above and the penalization method. Furthermore, we believe that the two theories can 
interact in a fruitful way. Indeed, the penalizing scheme offers a simple and systematic 
framework for the study of Gibbs measures based on paths, and it is also quite pleasant to 
be able to read the main features of the limiting measure p on the martingale M p , which 
is usually a simple object. Without presenting a completely new result, this article will 
thus try to make a bridge between the two aspects of the topic, by studying the simplest of 
the interface-based polymers, namely the polymer pinned at an interface, through a purely 
penalizing scheme. Let us be more specific once again, and describe our model and the 
main results we shall obtain: denote by £ n the local time at of 6, that is 



<n;b p = 0}. 



For /3 £ R, n > p > 0, we are concerned here with the Gibbs type measure 

^ on ^ 
defined, for T p £ jF p , p < n, by 

(1.3) Qj^(r p ) = E ° fry* "] , where Z{ = E [e^\ . 

Finally, we will need to introduce a slight variation of the Bessel walk of dimension 3, which 
is defined as a random walk R on IN starting from 0, such that Po(-Ro = 0) = Po(-Ri = 
1) = 1, and whenever j > 1, 

(1.4) Po(iUi =j±l\R n = j) = J -^- 



p 
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With these notations in hand, the main result we shall obtain is then the following: 

Theorem 1.1. For (3 E R, n > p > 0, let Q{, n,/3) be the measure defined by U.3\) . Then, 
for any p > 0, the measure Q n on T v converges weakly, as n —> oo, to a measure 
defined by 

(1.5) Qf (r p ) = E [lr p M p ^] , for T p e T ¥ . 
According to the sign of (3 the two following situations can occur: 

(1) When (3 < (delocalized phase): set a = —(3. Then Mp has the following expression: 

M W) =e -^ P [(i_ e -«)| 6p | + 1 ] . 

Moreover, under the probability Qg , the process b and its local time £ can be described in 
the following way: 

a) The random variable is finite almost surely, and is distributed according to a 
geometric law with parameter 1 — e~ a . 

b) Let g = sup{r > 0; b r = 0}.Then g is finite almost surely, and the two processes 
b(~' = {b r ; r < g} and = {b r+g ; r > 0} are independent. 

c) The process is a Bessel random walk as defined by the transition law (11. 4ft . 
and sign(b^) = ±1 with probability 1/2. 

d) Given the event = I for I > 1, the process b^ is a standard random walk, 
stopped when its local time reaches I. 

(2) When (3 > (localized phase): in this case, the martingale Mp® can be written as: 

(1.6) = exp {(3£p - c +tP \b p \ - c_,^} , 

where c± j( g = (V2)[/? ± ln(2 — e' 13 )], and where i p is a slight modification of £ p defined by 

£ P = £ P — lfe p =o- Furthermore, under the probability Qg , the process b can be decomposed 
as follows: 

a) Let r = (tq)^! be the successive return times of b at 0, and set Tq = 0, Tq 1 = r . 
Then the sequence {tq — Tq~ ; j > 1} is i.i.d, and the law of tq is defined by its 
Laplace transform ( |5.^[ ). In particular, To has a finite mean, whose equivalent, as 
P -»• oo, is 1 - e-P/2. 

b) Given the sequence r , the excursions iV\>\, defined by b> r = b rJ -i +r for r < Tq — 

Tq" 1 , are independent. Moreover, each V s is distributed as a random walk starting 
from 0, constrained to go back to at time Tq — Tg" 1 . 

As mentioned above, the results presented in this note are not really new. In the pe- 
nalization literature, the random walk weighted by a functional of its local time has been 
considered by Debs in [2] for the delocalized phase, and we only cite his result here in 
order to give a complete picture of our polymer behaviour. We shall thus concentrate 
on the localized phase (3 > in the remainder of the article. However, in this case the 
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results concerning homogeneous polymers can be considered now as classical, and the first 
rigorous treatment of our pinned model can be traced back at least to p]. The results we 
obtain for the localized part of our theorem can also be found, in an (almost) explicit way, 
in (5j H]. But once again, our goal here is just to show that the penalization method can be 
applied in this context, and may shed a new light on the polymer problem. Furthermore, 
we believe that this method may be applied to other continuous or discrete inhomogeneous 
models, hopefully leading to some simplifications in their analysis. These aspects will be 
handled in a subsequent publication. 

Let us say now a few words about the way our article is structured: at Section [2], we will 
recall some basic identities in law for the simple symmetric random walk on Z. In order to 
apply our penalization program, a fundamental step is then to get some sharp asymptotics 
for the semi-group A n mentioned at Proposition ll.il This will be done at Section [HI thanks 
to the renewal trick introduced e.g. in j3]. This will allow to us to describe our infinite 
volume limit at Section H] in terms of the martingale Mp . The description of the process 
b under the infinite volume measure given at Theorem 11.11 will then be proved, in terms of 
the behavior of Mp , at Section [5j 

2. Classical facts on random walks 
Let us first recall some basic results about the random walk b: for n > and z G Z, 

set 

S n = sup{b p ; p < n}, T z = inf{n > 0; b n = z} and r z = inf{n > 1; b n — z}. 

Let us denote by D the set of even integers in Z, and for (n, r) G IN x Z, recall that 
p n:r := P 0„ = r) is given by: 

Pn ' r= \2j { n J^^ + ^^^- 
Then it is well-known (see e.g. [3j,[2]) that 

r /IV" /(n+r)/ 2 



(2.1) T (S n = r) = p n , r VPn,r+i and P (T r = n) 

Moreover, the distribution of £ n can be expressed in terms of these quantities: 

(2.2) P (4 = k) = P (S n _ fc = k) + P (T n+1 — n — k), 
and the following asymptotic results hold true: 

Lemma 2.1. Let p G IN and set k = . Then 

lim n 1 ^ 2 Po(S' n = p) = lim n 1//2 Po(^ n = p) = k, and lim n 3/,2 Po(Tj = n) = kz. 



For our further computations, we will also need the following expression for the Laplace 
transform of T r and r r : 



ON HOMOGENEOUS PINNING MODELS AND PENALIZATIONS 5 

Lemma 2.2. Let r e IN, 5 > 0. Then 

(2.3) ^o[e~ STr ] = exp {-r argcosh(e 5 )} 

and 

( 2 4) e \e~ 5Tr ] = { 6XP |- rar g cosh ( e<5 )} > */ r > 1 

\ exp {— <5 — argcosh(e^)} , if r = 

Proof. This is an elementary computation based on the fact that {exp(rjb n — 8n); n > 1} 
is a martingale. Also, note that To has the same law as 1 + T\. □ 

3. Laplace transform of the local time 

Our aim in this section is to find an asymptotic equivalent for the Laplace transform 
of £ n . However, for computational purposes, we will also have to consider the following 
constrained Laplace transform : 

Z c 2m := E [e^™l {62m=0} ] ((3 > 0). 

With this notation in hand, here is our first result about the exponential moments of the 
local time: 

Lemma 3.1. For any (3 > 0, we have 

(3.1) hm ( e -/>(2 - e^)) m Z c 2m = c% where c< := ^ ~ ^\ 

in— *oo ' z — e ^ 

and 



f 



2 



(3.2) hm (e-"(2 - e^)) L " /2j Z{ = c% where c p .- 
Proof. According to (1.9)-(1.10) in [4J p. 9], by using the renewal theorem, we can write 

m k p mF(l3) 

(3.3) Zl m = E [e^t {b2m=0} ] = £ E I^Po(r = 2r,) ~ ~— -, 

tt r tlt, m f=i m ^°° Em mK p {m) 

where we denoted A^ jm — {r = (r±, . . . , rjt), X)j=i r i = m l- Here 

(3.4) #/?(m) := exp (/? - mF(/3)) J-sT(m), where #(m) := P (r = 2m), 
and F(/3) is the solution of the following equation (see also (1.6), p. 8 in [I]) 



(3.5) J2 e ~ mFWK ( m ) =e ~ P Le - E o 



e -F(/3)T / 2 



Notice that in our case, equation (13. 5p can be solved explicitly: thanks to relation (12.41) . it 
can be transformed into: 

exp (-m/2 - argcosh (e F(d,/2 )) = e~ p & cosh ((3 - m/z) = e ¥{p)/2 & e /3 " F(/3) + e~ p = 2, 

and thus, the solution of (13.51) is given by 

(3.6) F(J3) =/3-ln(2-e" /3 ). 
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On the other hand, 



d _ r — X-rn/nl d /_ —X/nr \ - \ 1 /n\ 6 



— A 



y>-P (, = 2 m ) = [e -*] = -ii (1 - e-V V - 1)^) = 5^^, 

as we can see again by (12.41) and simple computation. Therefore, taking A = F(j3), we 
obtain 

(3.7) m K/3(m) = e P Y, me- mFw F (r = 2r N 



Im) 



2(1-6-/3)' 



since, according to (13.61) . e _F ^ = e _/3 (2 — e _/3 ) = 1 — (1 — e" 13 ) 2 . Puting together (13.31) . 
(13. 6p and (13. 7p we get the equivalent for the constrained Laplace transform (13.11) . 

We proceed now with the study of the free Laplace transform, called Z^. Set K{n) := 
^jj >n K(j). We can write 

m m 

Z L = 5^ E ° [ e ^ 2ml max{fc<m,6 2fc =0}=i] = ^ E ° 1 {^=0}1 {r o9 2j >2(m-j)}] 

3=0 j=0 
m m 

= J]E [e^t {b2j=0} ] P (r > 2(m-j)) = [e^C^>l {62(m _. )=0} ] K(j) 

3=0 3=0 

m m 

= J2 Z k m -3)K(3) = e "*<0£ e -(-i>F(W Z c 2(m -^ m KU)- 

3=0 3=0 

In order to use (13.11) on the right hand side of the latter equality we need to apply the 
dominated convergence theorem. This is allowed by the inequality 

(3.8) e -(^)F(/3) Z c (m _ . } < ^ 

which is valid since e~ : ' ^Z^j represents the probability that a random walk with positive 
increments with law K@ passes by j (see also (1.9) in [1], p. 9). Therefore, according to 
flUD and (J23D, 

oo oo oo z- — 1 

zL - c ^Y.^ m Y. K ® = & mm 

m— >oo ' ' ' * ^ ' ' ' ' 

3=0 i=j+l i=l j=0 

r c / °° °° \ r c mF{P)(-i _ -f3\ 9 „mF(/3) 

= %nr^ m¥m Ym -yme-^ = ^ — = -^-^ 

1 - e~ F W ^ w ^ u / 1 - e - F W 2 - e~P 

\i=l i=l / 

and we get (13.21) . by using (I3.6p . To finish the proof, let us note that, for any (3 > 0, 

(3.9) E le 131 ^} = E [e#H = ZL ~ c£e mF(/3) . 

□ 

We will now go one step further and give an equivalent of [e^ n ] for an arbitrary 
x G Z. Let us denote by O the set of odd integers in Z. 
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Lemma 3.2. Let x G Z be the starting point for b and recall that the constant ct has been 
defined at relation \3.2§ . Then, for any (3 > 0, 

(3.10) Eje^H ~ cfexp\W.(n+ \ x \ -l (n + x)) - P\x\\ . 

Proof. First of all, notice that, by symmetry of the random walk, Wi x [e^ n ] = E.^ [e^ n ] . 
We will thus treat the case of a strictly positive initial condition x without loss of generality. 

Case x, n e D. Let us split E^ [V^ 2m ] into 

E x [e^ 2 ™] = F x (T > 2m) + E x [e^l {To < 2m} ] =: L> 1 (2m) + D 2 (2m). 
Then, on the one hand, 

A (2m) = P (T x > 2m) = P (S 2m < x) , 
and thus, owing to Lemma 12.11 we have 

(3.11) £>i(2m) ~ nxm' 1 ' 2 . 

m^oo 

On the other hand, setting g{p) = Eq [e^ p ] , we can write 



D 2 {2m) = E x [l {To < 2m} g{2m - T )] = ]T F X {T = 2k)g{2{m - k)) 

k=0 

m 



k=0 



exp <|-F(/3)^ 



c'exp^-argcoshl^l, 



f f F (^) 1 

Cp exp < - (2m + x) — /fa > 



which is (13.101) . Here we used the dominated convergence theorem allowed again by the 
fact that g(2(m — k))e~^ m ~ k ^^ < 1 (this inequality being obtained by a little elaboration 
of (EH). 



Case igDjUGO. Clearly, invoking the latter result, we have 



E x [e^] = E x [e^] ~ c'expf 



(n — 1 + x) — (3x > . 
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Case x G 0, n G D. Following a similar reasoning as for the first case, we see that it is 
enough to study the term _D 2 (2m): 

m 

D 2 (2m) = E x [l {To < 2m} <7(2m - T )] = ^ F X {T = 2k - l)g(2m - 2k + 1) 

k=l 



J2P x (T = 2k-l)g(2(m-k)) ~ c£e mF ^ V P a .(T = 2k - l) e -*W> 



fc=l 



fc=l 



J e mF(j3)i 



exp <^ -F(/3) 



,/ c (m-l/2)F(/3) 



9 e 



exp 



1+T 



F(/3) 



/^(m-i/2)F(/3) Eo 



exp<j-F(/3)| 



/i 



c^exp< — 



(2m - 1 + x) - (3x \ . 



Here we used again the dominated convergence theorem and the fact that ^(m-fci+i an d 
l<i(m-k) have the same law under Pq. 

Case x,n G O. Again, by using the preceding result 

E x fe^H = E x \e^ +1 ] ~ cj exp { ^(n + x) - #r 

n^oo p 2 

□ 

4. GlBBS LIMIT 

Let us turn now to the asymptotic behaviour of the measure Q[ ) n ' /3) defined at (PP . 
To this purpose, we will need an additional definition: for n > 0, let l n be the modified 
local time given by: 

(■n = ?-n - l{b„=0}, 

and notice that this modified local time appears here because I satisfies the relation 

&n — £ P + Pn-p ° P instead of £ n = i v + i n - P ° dp- 

Indeed, it is readily checked that one zero is doubly counted in the latter relation if b p = 0. 
With this notation in hand, the limit of Q is given by the following: 

Proposition 4.1. For any p > 0, the measure Qq converges weakly on T p , as n oo, 

to the measure given by 

(4.1) Qf (r p ) = E [lr p i<>] , for T p G T v , 
with a positive martingale defined by 

(4.2) Mj® = exp \(3i p - c + {(3) \b p \ - c_(/3)p| 



where 
(4.3) 



c ± (/?) = (i/2)[/5±ln(2-e-' 3 )]. 
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Proof. For n > p, let us decompose £ n into 

P = P + P of) 

Thanks to this decomposition, we obtain, for a given T p G T pi 
(4.4) q^\T p ) = E [l Fp e^U n>p (b p )_ , 

Moreover, according to relation (13.101) . we have, for any x G Z, 

exp{^(|x| -p) -/3|a;| - l (x + p)} if n G D 



. E x \ e ^-p] 
With ^ (X)= EnW 



(4.5) U n , p (x) 



n—*oo 



exp{^(|x| -p)- /3\x\ + 1<d(x + p)} if n G O, 



where we used the symmetry on x. To apply the dominated convergence theorem let us 
note that 

E x [e^»-*] < E [e^"-"] , Vx G Z f/ n , p (x) < 1, Vx G Z t/ n , p (6 p ) < 1. 

Therefore, we obtain that 



= exp {^(& P - p) - Pb p + ^ J , 



and we deduce (14.21) . It is now easily checked that the process is a martingale. Indeed, 
setting iVp^ = ln(Mp^), and noting that c + (/3) + c_(/5) = /3, we have 

= (3i p+1 - c + {(3) | b p+1 \ - c_(/3) (p + 1) 

= l {6p =o}[/3(i + 1) - /9 - c_(/3)p] + l {b ^o } [/3(4 - (|6p| + W) - c_(/3) (p+ 1)], 

where £ p+ i is a symmetric ±l-valued random variable independent of T pi representing the 
increment of b at time p + 1. Hence 

(4-6) JV£\ = l {fep =o}Af } + l{^o}[Af } - c+(/3) - c.{(3)}. 

Thus 

E [M^ | .FJ = t {bp=0} M^ + l {6 ^o}M^ cosh(c + (/3))exp(-c_(/3)), 
from which the martingale property is readily obtained from the definition (14.31) . □ 

Remark 4.2. It should be noticed that the convergence of Qg 1 '^ we have obtained on 
T p is stronger than the weak convergence. In fact, we have been able to prove that, for 

any T p G T p , we have lim^oo Qq"'^ (r p ) = Qq (r p ). This property is classical in the 
penalization theory. 
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5. The process under the new probability measure 

It must be noticed that Q ^ is a probability measure on (Q, J 7 , (.F n ) n >i), since 
In this section we study the process {b n ;n > 1} under the new probability measure Q 



which recovers the results of Theorem 11.11 part 2. 



iff) 
o i 



Proposition 5.1. Let Q ^ be the probability measure defined by fl4.ll) with given by 

f l42|) . Then, under Q^: 

a) {b n ;n > 1} is a Markov process on the state space Z having some transition prob- 
abilities given by 



(5.1) 



^i\bn = r\ b n . l =r-V 



e 2 



if r > 1 
8 /2 i/r<-l, 



(5.2) 



Qo /3) (^n = r |6 n . 



r + 1) 




and 



(5.3) 



f (6 n = 1 | 6 n _! = 0) = Qf (6„ = -1 | = 0) = 1/2. 
b) i/ie Laplace transform of the first return time in is given by 

3 2(<5+F(/3)) 



(5.4) Ef [e^ ] = ^e a+F W - 

In particular, Eg [ T o] < 00 / or an ?/ > 0, and 

(5.5) E^N ~ 1 - e _/3/2 , w/ien /3 -> oo. 

c) i/ie distribution law of the excursion between two succesive zero of the process 
{b n ;n > 1} is the same as under P . 



Proof, a) Let r n _ 2 G T n -2 arbitrary. Then 



(5.6) Q? ) (6 n = r|6„_i = r-l,r n _ 2 ) 



Qo /3) (^ = r,6„. 



r- i,r 



n-2J 



Qf (6 n _! = r-l,r n . 



E 




E < 


E 


l {6 „ =r} l {6n _ 1=r _ 1} lr„_ 2 M^ 




} 


E 


l{i»- 1 =,-i}lr n - 2 MS 




E 


l { *._ 1 =r-i}lr n -,M 1 i2 1 





E < 


E 


1 {b n =i} 1 {6 n -i =0} lr n _ 2 


F n-l 


} 


E 


l {6n _ 1=0} lr„_X~i" 
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First, assume that r = 1 in the latter equality Since M„ = ^n_i if &n-i = 0, then 

(5.7) QS J) (6 n = l|6»_i = 0,r n _ 2 ) 

E [l^^ojlr^M^ 

= E [l{6„=i} | F n -i\ 
The same kind of computations can be performed with T n _2 = which gives 

(5.8) Qf {b n = 1 | 6 n _! = 0, T n _ 2 ) = q^\b n = 1 | 6 n _! = 0). 
Second, assume that r > 1 in (15.61) . In this case, invoking ( 14. 6f) we have 

(5.9) <$°{b n = r | 6„_i = r-l,r n _ 2 ) 



n 



E < 


E 


In, .la ,,lr M W p -(nc+(f3)-c_(f3) 


n-l 


} 


E 


l {6n _ 1= ,-i } lr„_ 2 MS 





E 



Eo 



l{6 n _ 1 =r-l}lr, l _2 M n-l 



E r _l [l{6 1 = 



Again, we can get that 



(5.10) 



Qtf\b n = r | b n ^ = r - 1, T n _ 2 ) = QW(6 n = r | 6 n 



-£ic+09)-c_G9) 



09)/ 



-(c+(/3)+c_(/3)) 



r - 1). 



Hence (I5.8P and ( 15.101) prove the Markovian feature of the process {b n ;n > 1} under Q^, 
while (15.71) and (15.91) prove the first equalities in (15.11) and (15.31) . The other equalities can 
be obtained in a similar way. 

b) We can write 

Q /3) (r = 2A;) = Eo 



1 



09) 



{r =2k}M 2k 



e^ 2k -(% (ro = 2k) = e /3 - fcF ^P (r = 2k), 



where we used (14.21) and the fact that 2c_(/3) = F(/3). Clearly, the latter equality defines a 
probability measure since, thanks to (13.51) . 



£ 

k>l 



P (r = 2k) = e^Eo 



-F(/8)r / 2 



1. 
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Moreover, we can compute the Laplace transform of To 
(5.11) Ef [e-**] = ^e- 2<5fc e /3 - 2fec -^Po(r = 2k) = e^ 



"(«+F(/?))T 



fe>l 



exp {/? - argcosh (V +F(/3) ) | 



e <5+F(/3) + [ e 2(5+F(/3)) _ Va 

= e /3 f e <5+F(/3) _ L2(5+F(/3)) _ x 



1/2 



We deduce 



(5.12) 



d5 



Ef [e^ ] 



|<5=0 



,/3+F(/3) 



while 



[l_ e -2F(/J)]V» 

By (15.121) we also get that lim^oo Eq^ [t ] = 1 = lim^oo Yf'(/3), by using also 
Eq^ [tq] ^ Vf'(/3). The equivalent (15.51) is also easily deduced from (15.121) . 

c) Thanks to the Markov property it is enough to describe the first excursion of b between 
and Tq. For any positive Borel function /, we have 



Ef [/(&o,...A) ko = n] 



E [f(b ,...,b n )t {T0=n} M T0 ] 



E [l {ro=n} M ro ] 



Since, M T0 = e 13 c -(/ 3 ) n ; if tq = n, we obtain that 



[/(6o, ■ ■ ■ , b n ) | to = n] = E [/(6 , • • • , M | r = n] . 



□ 
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